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Bhatt and Kathal (2000) established interesting results on (C,1)(E,1) summability of a Fourier
series and its conjugate series. In this paper, the degree of approximation of a function f & Lipix
class by Euler-Cesaro means of its Fourier series has been determined.

1. Introduction

A function fe Lip a if
fox+t)-f(x)=0(]t|") for 0<o< 1. 1.1)
The degree of approximation of a function of a function f: R—>R
by a trigonometric polynomial t, of order n, denoted by E,(f), is
defined by
En(f)=lt-fl.=Sup { [ts(x) - f(x) | } (Zygmund™)

1.2)

Let f(t) be the 272- periodic, Lebesgue integrable function of t
over the interval (-, ) and belonging to Lipa class. The Fourier
seriesof f(t) is given by

FO~ %ao + Y= (a,cosnt + b, sinnt) 1.3)
If
gl = ﬁ?ﬁ:oﬁl ~+S, asn—eo (1.4)

Then an infinite series %7_,u,, with the partial sums S, is said to
be summable Cesaro means of order 1 or (C,1) to the definite
number S (Hardy™)
If g1 = zin 2 o(7)S. —S, asn—oo (1.5)
Then an infinite series £>_,w, with the partial sums S, is said to
be summability (E,1) to the definite number S. (Knopp™)

If (E,1) method is superimpose on (C,1) method then, another
method of summability (E,1)(C,1) is obtained.

Thus, if
Ec — 1 n
= molr)o, — S, asn—oo (1.6)

then the series X, u,, is said to be summability by (E,1)(C,1)
means or Euler-Cesaro means to S.
We use following notation

@, ()=F(x+t)+f(x-1)-2f(x) .7
The degree of approximation of functions belonging to Lipa by
Cesaro means, Norlund means and Hausdroff means has been
discussed by a number of researchers like Alexits™, Sahney and
Goel™ Chandral® Quereshil® Rhoades"™, Bhatt and Khatal™
obtain interesting results on (C,1)(E,1) summability of a fourier
series and its conjugate series. But till now no work seems to
have been done to obtain the degree of approximation of a
function feLipo by product summability means of the form
Euler- Cesaro means. In an attempt to make a study in this
direction, in this paper the degree of approximation of a function
f € Lipa class by Euler — Cesaro means of its Fourier series has
been determined in the following form:

2. Main Theorem

If f: R— R is 27 periodic, Lebesgue integrable on [-7T, 7T] and

Lipee function then its degree of approximation by Euler —
Cesaro means of its Fourier series(1.3) satisfies

1
—— | o= a=<1
IR (x) — f(I, =) ‘m+l) )
login+ e . _
0 ( (1) .-II ! Lf « L
Forn=0,1,2,3........

where  (EG(n = 2 _o(2)a i.e. Euler- Cesaro means o

Fourier series(1.3).
3. Estimate

For the proof of the theorem following estimate is required
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4 t
l'COSnECOS (n+2)5 = O((n+1)2 tz)v for p<t< i (CR) =f(x) +mj—iit;r {l—cos ;(cost casE— sint sin ;)} dt
) ) + [-E'Et 1~ cos” ~cos(t + ) e
- 5 1 P =I0x 11— ef05F — CoS| e
1-cos"Ecos (n+2)E =1- : | — (%4. )} {1 _%_...} 4(n+ 1]?!-’6 gijz%L 2
[ _m12)%%) 1 0 t £
{‘1_71_?}{1 5 J =ff=) | . JE[ Jt[l cos™ _cos(n | 2) [dt
_1 {1 . _! _ (nt2) Tyt + n(n+2}zrz} $nt e gint = 2 2
. 8 . 8 &4 Since here -;m |t foIIows that
nt (m+20%t
< St JLe .t ¢
= :3-[ » +2;] f[x]| = 4[11—1— —q‘[l— €os 2co-s[n—I— 2) z)dt
=—+ [n+(n 1
B'J. T __ :n+1 m(f
5%(n+1)(4n+4) ml ) _ (1 — CGS —CDE(ﬂ-—F -’1) )dt
]
= r—(n+1)2 = I+, , say (4.1)
z - Applying fact that f ¢ Lipe and estimate (3.1), we have
=0((n+1)°t") 1 -
T n+" f-' = S
4, Proof of the theorem lr.l = Py 1'|J o Ofin+ 1)%t%) dr
L 240
Following Titchmarsh "2 the n™ partial sum S,(X) of the series _ =
(1.3) at t=x is = O(n+1) freae® dt
sin(n+t } — ( _1 )
Sn(X) = :(xj 4z Jf E( j 2 Jt =0 i) O<a<1 4.2)
So the (C,1) means of the series (1 3) are Let us consider I,
1 = t t
g, (x) = =S (x)  (n=0,1,23,....... ) L] < f 1_ cos™ = cos(n + 2) —)dt
1 Y (t] 1 - ‘1'('”'"1' 1) 2 2
_f(x)+mn+1} zin (E’* an(k+;)r)'ir :O{ +J]-_ jf} ﬂ(l)dt
() .Z"I.J-'_ [
- Fim k”+ =0 i1 e w=2
= () + 2, “{F[ 16+ () L
.-tn:—'_ T
fle—1) = 2£(x) }dr () {.,,_1):_= a1
19+ s [T o " e a=1
E.Cy e i .
Now (E,l) transform of (C,l), denoted by +% (y), is given by L = O( (1 ﬂ) (knﬁja 1 _—Ix) ;o oaxl
" logm + log(n-i- 1) ;o a=1
1Y, Y = _ .
rf‘-f'-(x) = 2” (ﬂ)crk(x] - J D(i—a.}(_{n—i}“ zi"x:x-li}.-ll a7l 4.3)
l' o Iflcugl:?e+1_l.'7} D oa=1
@(tj Il L ] .'\ a+1
= )+ = 1]jsmz £ (k sin U“L Dtdt Combining (4.1),(4.2) and (4.3), we have
L
1 GE) t) 0| - T =
= f(x) + it 1]?? . [ 2 { (1 —cos(k + 1) t)}dt |e2:5(x) — F(x)| = gk"l-l:l}ﬁ-} . 4.4)
‘t Sln‘- 2 =0 Ij {_ILEI:;'-‘II}EEJ i w= 1
1 B(t)
= f(x) + T (n T leJ- [Z z cos(k + 1) t% dt Thus
a sm‘— =0 = E.Cs _ Sup | E;Cy
. It (x) = fO. = _ oo [t22% (x) — F(x)]
- f[ﬁ] 1 - I3 - J \."JL {2:«: _ Rﬁ'liﬁ'i?[:i + E;‘r)rﬂj}ﬂ ‘
2 n+1_j|7:} _..:E lr ”(' 1 |. s a1
=) S N
= ;ZI ) n__ it | (Mnz(nt1ina _
=f(x) + T IJEJ sm‘i{z Re(e™(1+ cost + isint)™ ]} |IL rl {T) =1
— ) + =5 (:+ 1)WJ- @(tjt {2”—Re(e“(2ms £+2wm£ COSL)*)}dt 5. Example: Consider the infinite series
1+287 n(—1)™? )
_ (tj omomb it LA i i
=f(x) + Sni3 ('n+ D GJ-Sm % 2"cos zRe(e (COSZ+ Lsmz) ]}dt EOOI'_thSSSlE”%S 521 8= 5, 8y =8, oo

Thus we get that



_((1—m;
" (n+2) ;whennisoda
It is known that

swhonn (5 oron

1—-_— 'n
O—ﬂ_w_1 F.:=CISJ':’

Then
0—1‘1_:1’ 0-71.22’ u-]i-:j-r 011':2, ..............
. . {1 ;whennis even
ie. o, = .
n 2:;whennis odd

Hence lim, _,__ ! does not exists. Therefore the series (5.1) is

not (C,1) summabile
Let is consider (E,1) (C,1) summability of series (5.1)

tf‘-f‘-[xj = zi-l k=D(_:]akExj

=wBoo+ Qoy + (Do} =

3
By = 2
ty N

£

B3| w1

Then

lim, ..

3
Thus the series (5.1) is (E,1)(C,1) summable to the sum =

Therefore the product summability (E,1)(C,1) is more powerful
than the individual method. Consequently (E,1)(C,1) means gives
better approximation than individual method.
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