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We have presented that a simple gauged WZW model gives charged black hole string solutions
in (2+1) dimensions. For 0 < |g| < M, the solutions are qualitatively similar to the Reissner —
Nordstrole solution. The solutions describe an event horizon, a inner horizon and a timelike
singularity. For |g| = M
both the horizon and the curvature singularities vanishes.

the space time shows an event horizon but no singularity. For |gq| > M

1. Introduction

As the Strominger and Horowitz ™ presented that string theory
has very rich Variety of solutions representing extended objects
surrounded by event horizon. The black hole string solutions in
ten dimensions characterized by three parameters, namely the
mass and ax ion charger per unit length and the asymptotic value
of dilation in particular. So it is sufficient to confirm the
existence of exact black hole string solutions with these
qualitative properties, it was not obvious how to obtain directly
the conformal field theory with these features. Witten? obtained
that a simple gauged WZW model (also called a Wess—Zumino—
Novikov-Witten model, is a type of two-dimensional conformal field
theory) gives a two-dimensional black hole. This presented the
possibility of wusing similar construction to obtain exact
conformal field theory corresponding to higher dimensional
black holes. Giddings and Strominger™®"! obtained the conformal
field theory associated with an external limit of the charged black
hole five brains. We are interested to show that a simple
extension of Witten’s construction gives three dimensional
charged black hole string solutions. The solutions are
characterized by three parameters, named as the mass ‘M’, ax ion
charge ‘g’ per unit length and the constant ‘related to asymptotic
value of the derivative of the dilation. The low energy metric,
antisymetric tensor and dilation assume the form as

ds? = -(1 - M) dt? +(1- :_2) dx? + (1 -2yt dt? +(1- Z_ﬂ)’l (kdr¥/8r3) (1)
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2. Black hole string solutions

Let us describe the conformal field theory that gives the black
hole string solutions. One may use Lorentz metric

ds? = 2do. do_ @)

On the world sheet ¥ because our target space has Lorentz
signature. Let g be the element of group G, then ungauged WZW
(Wess — Zumino — Witten) action assumes the form;

L(g):ffz CoTr(g'otee’ o g)-——[oTrg'dg A g dgA g'dg) (9

T 12
Where B represents three—manifol

d with boundary

The one dimensional subgroup H of the symmetry group of
equation (5) may be gauged with action g = hgh; as the global
symmetry. This global symmetry may be obtained locally by
introducing a gauge field A; which takes values of H in the lie
algebra. Let us assume e as the infinitesimal gauge parameter,
and then the local axial symmetry is generated by

dg = eg + ge (6)
and
8Ai :-6|€ (7)

This local axial symmetry is the symmetry of the gauged WZW
modal action

L(g, A)=L(g) + (k2n) [s o x T{A0_gg" +A_g a.g+ A A_+
AgA_g") ®)

It has been demonstrated by Witten that if G is SL (2, R) and H is
the subgroup generated by
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Then the gauged WZW action gives a black hole in two —
dimensions

In view of equations (6) and (7), one obtains
d(gtA)=egtge-dic (10)

let us now generalize this construction by adding one free boson
x to the action which is equivalent to let

G=SL(2,R) xR, (11)

Then by gauging the one dimensional sub group generated by
t ) (12)
-l] -1

Together with a translation of x
Hence we get

gSL(2,R) = 1 o ) (13)
\.0 —1.
with ab+uv=1. (14)

one obtains in gauged action
L(@) =- 2= s d%6 (8 UGN+ QU B,V + B2 0. b + . a Bub)

T

+ 2 Ld?olgu@ adb- 0-20.b) +— ﬁ;dzc&xax (15)
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Let us gauge equations
along one dimension

da=2¢€a (16)
and another gauge equation

db=-2¢b a7
For,

du=0v=0 (18)
In view of x

dx=2¢ec (19)
and the global symmetry at local level

dAI=-die (20)

Where ¢ be an arbitrary constant.

In view of Witten?, one may fix gauge by settinga = + b
Depending on the sign 1 — uv. Along with this gauge choice and
eliminating A, the action describes a string propagating in space
time with the line element

05’ =- (1= 1EH o'+ (1- )dx2+(1+1“) - E) _df (1)

with an antlsymmetrlc f|eId
Dex =V ( L) a- 1”) (22)

Itis ObVIOUS that the exact central charge of this gauged WZW
model reads
3, (23)

k—2

Which is larger than the two-dimensional black hole; since
we have added anexta boson. Equation (21) and (22) provides the
lowest order relations for the metric and antisymmetric field, but
quantum correction will give corrections. There is also dilation
comes from effects. It may be obtained from the requirement that
fields must be an extreme of the low — energy string action.

s=[e'[R- (Vv &)°- H +—] (24)
The antlsymmetrlc tensor f|eld be extremum if

¢=Inr+a (25)
where a be an arbitrary constant
For

=0, A 1+x (26)

the metric components are ill behaved.

Let us evaluate scalar curvature
A(2F+1AF—7A-749)

R= —2 (27

Hence r = 0 gives curvature singularity. It is obvious from

equation (27) the difficulties at r = 2 and r = 1+ X may be

removed by an approximate change of coordinates. In deed the

original coordinates (u,v,x) are well behaved at uv = 0 which

corresponds to r = 1+ A. But for uv = I, r = A, then u, v, X

coordinates are not well behaved.

It means our gauge fixing breaks down there.

Let us call r = 1+ X as an event horizon. For large 1 the
metric becomes asymptotically flat; hence the solution describes
static, black hole string, because the solution is invariant under
the translations of t and x. .

As 1 goes to infinity g and g’ the metric component’s
approach to unity. Similarly it is not possible to fix the overall
scaling of the coordinate r since the metric asymptotically
approaches k dr?/8r 2. Hence, the dilation ¢ must be of the form

d=1Inr+ Lin(® (28)
2 2
Hence, we may put
r=re V(& (29)
2

in equations (21), (22) and (25)
Let us now evaluate the ax ion for a dimension the
action given by equation (24) that the equation (3) form
K=1¢e'+H (30)

2
be curl free and + H denotes the Hodge dual. K must be
constant for three dimensions. Hence the ax ion charge per unit
length be the value of this constant. For black hole string
solutions one obtains

q=e* V{2A(1+0)/k} (31)
ForA=1, we get
K=2C? (32)
Therefore
=¢ % ‘o= e V( =) (33)

Let us compute the mass per unit length of the string by
using ADM standard method. For large r the black hole string
solutions approach the asymptotlc solution

ds® = - dt? + dx? + dp (34)
Where P = VZIn (W &) (35)
and H=0 ’ (36)
with $=p x/% (37)

Let us extremise the action given by equation (24) to
obtain field equations and also linearise this expression about the
asymptotic solutions given by equations (34) and (37). Now
integrating the time - time component of this equation over a
constant time surface. It comes out as a surface integral at infinity
because the integrand is a total time derivative. The
antisymmetric field must vanish in the background. Hence, their
contributions to the field equations are

. ) 1, 4
" [Rw-2R G - VLWV & + g (vi g+ (V) ) (38)

Let us linearise this expression in view that ¢ and k may
not be perturbed. So we perturb the metric
Ou = M + Vv (39)
The linearised form of the equation (38) may be integrated
over spacelike surface to obtain total mass formula

Mol = = e[ dY -3 Y+ Yo §lds (40)
2

Where y be the trace of spatial components of y,,
In view of specific form of'y,, and the fact that x measures proper
distance at infinity, one obtains the mass per unit length

M:\/E(]Jr)L)Ea (41)

k
Hence in view of the above results, we get the black
hole string solutions
z :']"J k
ydl+@-Ma- " yt—d? (42
Mr r M+ ort

Qux = % (43)

¢—1nr+1|n(k) (44)

ds?=-(1-Mydt?+(1-
r

For g = 0 implies Q 0 and we get



k
ds’=-(1-M)di*+ (1- M) Edrz (45)

T r L}

This is exactly Witten’s black hole solution in two- dimensions
Let us again introduce coordinate transformation
r=Mcosh?p (46)
t=v (51 47)

2
to obtain the exact form of the Witten’s metric ;
It is observed from the metric given by equation (45)
that the region beyond the singularity i.e. r < 0 has negative mass.

3. Conclusion

We have presented that a simple gauged (Wess —
Zumino - Witten) model gives changed black hole string
solutions. For 0 < |g| < M, the solutions for (2+1) dimensions are
qualitatively similar to the Reissner-Nordstrom solution. The
solutions describe an event horizon, an inner horizon and a
timelike singularity. For |g| = M, the spacetime shows an event
horizon but no singularity. By taking the extremal limit, without
preserving the boundary conditions, one obtains anti-de Sitter
spactime. For |g| > M, both the horizon and the curvature
singularity vanishes. The solutions of black hole strings are three
dimensional and have a linear dilation at infinity are not of direct
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physical interest. Even then solutions provide an example that a
wide range of causal structures may take place in string theory. It
is also shown that string theory does not describe exact solutions
in two dimensions, which are singular. However, the known
singular solutions do not possess event horizons and do not
provide gravitational collapse. We have presented the (2+1)
dimensional black hole string solutions in term of the metric
which appears in the sigma model.
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